A recently conjectured microscopic realization of the dS 4 /CFT 3 correspondence relating Vasiliev's higher-spin gravity on dS 4 to a Euclidean Sp(N ) CFT 3 is used to illuminate some previously inaccessible aspects of the dS/CFT dictionary. In particular it is argued that states of the boundary CFT 3 on S 2 are holographically dual to bulk states on geodesically complete, spacelike R 3 slices which terminate on an S 2 at future infinity. The dictionary is described in detail for the case of free scalar excitations.
Introduction
The conjectured dS/CFT correspondence attempts to adapt the wonderful successes of the AdS/CFT correspondence to universes (possibly like our own) which exponentially expand in the far future. The hope [1, 2, 3, 4, 5] is to define bulk de Sitter (dS) quantum gravity in terms of a holographically dual CFT living at I + of dS, which is the asymptotic conformal boundary at future null infinity. A major obstacle to this program has been the absence of any explicit microscopic realization. This has so far prevented the detailed development of the dS/CFT dictionary. This situation has recently been improved by an explicit proposal [6] relating Vasiliev's higher-spin gravity in dS 4 [7, 8] to the dual Sp(N) CFT 3 described in [9] . In this paper we will use this higher-spin context to write some new entries in the dS/CFT dictionary.
The recent proposal [6] for a microscopic realization of dS/CFT begins with the duality relating the free (critical) O(N) CFT 3 to higher-spin gravity on AdS 4 with Neumann (Dirichlet) boundary conditions on the scalar field. Higher-spin gravity -unlike string theory [2] has a simple analytic continuation from negative to positive cosmological constant Λ. Under this continuation, AdS 4 → dS 4 and the (singlet) boundary CFT 3 correlators are simply transformed by the replacement of N → −N. These same transformed correlators arise from the Sp(N) models constructed from anticommuting scalars. It follows that the free (critical) Sp(N) correlators equal those of higher-spin gravity on dS 4 with future Neumann (Dirichlet) scalar boundary conditions (of the type described in [10] ) at I + .
This mathematical relation between the bulk dS and boundary Sp(N) correlators may provide a good starting point for understanding quantum gravity on dS, but so far important physical questions remain unanswered. For example we do not know how to relate these physically unmeasurable correlators to a set of true physical observables or to the dS horizon entropy. These crucial entries in the dS/CFT dictionary are yet to be written.
As a step in this direction, in this paper we investigate the relation between quantum states in the bulk higher-spin gravity and those in the boundary CFT 3 . Bulk higher-spin gravity has fields of Φ s with all even spins s = 0, 2, ...., which are dual to CFT 3 operators O s with the same spins. In the CFT 3 , we can also associate a state to each operator by the state-operator correspondence. One way to do this is to take the southern hemisphere of S 3 , insert the operator O s at the south pole, and then define a state Ψ s S 2 as a functional of the boundary conditions on the equatorial S 2 . For every object in the CFT 3 , we expect a holographically dual object in the bulk dS 4 theory. This raises the question: what is the bulk representation of the spin-s state Ψ s S 2 ? In Lorentzian AdS 4 holography, the state created by a primary operator O in the CFT 3 
on S
2 has, at weak coupling, a bulk representation as the single particle state of the field Φ dual to O with a smooth minimal-energy wavefunction localized near the center of AdS 4 .
The form of the wavefunction is dictated by the conformal symmetry.
In dS 4 holography, the situation is rather different. States in dS 4 quantum gravity are usually thought of as wavefunctions on complete spacelike slices which are topologically S 3 .
1
These do not seem to be good candidates for bulk duals to Ψ s S 2 because, among other reasons, they are not associated to any S 2 in I + . However, dS 4 also has everywhere spacelike and geodesically complete R 3 slices which end at an S 2 in I + . Here we propose a construction of 1 As explained in [4, 5] , such states do play an important role in dS/CFT, but as generating functions for correlators rather than as duals to CFT 3 states on S 2 . The relation between the R 3 and S 3 bulk states in our example is detailed below.
the bulk version of Ψ s S 2 on these slices, again as single particle states whose form is dictated by the conformal symmetry. Interestingly, the classical wavefunction for the particle turns out to be the (anti) quasinormal modes for the static patch of de Sitter, as constructed in [11, 12] .
2
This relation between bulk and boundary states has a potentially profound nonperturbative consequence briefly mentioned in section 4.1 [14] . 2 Global dS vacua at m
In this section we describe the quantum theory of a free scalar field Φ in dS 4 with wave
and mass
This is the case of interest for Vasiliev's higher-spin gravity. While there have been many general discussions of this problem, peculiar singular behavior as well as simplifications appear at the critical value m 2 ℓ 2 = 2 which are highly relevant to the structure of dS/CFT.
A parallel discussion of de Sitter vacua and scalar Green functions in the context of dS/CFT was given in [16] . However that paper in many places specialized to the large mass regime
, excluding the region of current interest. The behavior in the region m 2 ℓ 2 < with an additional branch-cut prescription for the Green functions.
Modes
We will work in the dS 4 global coordinates
where Ω i ∼ (ψ, θ, φ) are coordinates on the global S 3 slices. Following the notation of [16] solutions of the wave equation can be expanded in modes
of total angular momentum L and spin labeled by the multi-index j. The spherical harmonics
where √ h and D 2 are the measure and Laplacian on the unit S 3 , Ω A is the antipodal point
of Ω, and here and hereafter denotes summation over all allowed values of L and j. The time dependence is then governed by the second order ODE
Neumann and Dirichlet modes
Eq. (2.6) has the real solutions
where
We are interested in m 2 ℓ 2 = 2, which implies
and
The modes behave near
Accordingly we refer to the + modes as Dirichlet and the − modes as Neumann. We have normalized so that the Klein-Gordon inner product is
with d 3 Σ µ the induced measure times the normal to the S 3 slice.
Under time reversal
where the point x A is antipodal to the point x. This implies that an incoming Dirichlet (Neumann) mode propagates to an outgoing Dirichlet (Neumann) mode. This is not the case for generic m 2 and, as will be seen below, allows for Dirichlet and Neumann vacua with no particle production.
Euclidean modes
Euclidean modes are defined by the condition that when dS 4 is analytically continued to S 4 they remain nonsingular on the southern hemisphere. In other words
One finds that the combination
is nonsingular at t = −iπ/2. Hence y ∓ L are simply the real and imaginary parts of the y E L . (2.13) and (2.14) imply the relations
Vacua
In the quantum theory Φ is promoted to an operator which we denoteΦ obeying the equal time commutation relation
Defining annihilation and creation operators
the global Euclidean (or Bunch-Davies) vacuum is defined by
We normalize so that 0 E |0 E = 1. For any m 2 there is a family of dS-invariant vacua labeled by a complex parameter α. They are annihilated by the normalized Bogolyubov-transformed
We are interested in the vacua annihilated by the Dirichlet or Neumann modes for the case of m 2 ℓ 2 = 2, which correspond to e α = ±1. In that case the Bogolyubov transformation is singular. Nevertheless we can still construct non-normalizable plane-wave type vacua as follows.
The field operator may be decomposed aŝ
whereΦ ± ∼ e −h ± t near I + . The squeezed states 
The states are delta-functional normalizable with respect the usual inner product
where the delta function integrates to one with the measure
The c + Lj satisfies the reality condition c
One may similarly define generalized
The Euclidean vacuum can be expressed in terms of |0 ± as
(2.35) ∆ ± are the (everywhere positive) two-point functions for a CFT 3 operator with h + = 2 and
We also have the relations
In particular
The Wightman function in the Euclidean vacuum is
In terms of the dS-invariant distance function
this becomes simply
with the usual iε prescription for the singularity.
Boundary operators and quasinormal modes
According to the dS 4 /CFT 3 dictionary, for every spin zero primary CFT 3 operator O of conformal weight h there is a bulk scalar field Φ with mass m 2 ℓ 2 = h(3 − h). Boundary correlators of O are then related by a rescaling to bulk Φ correlators whose arguments are pushed to the boundary at I + . As in AdS/CFT, a particular classical bulk wavefunction of Φ can be associated to a boundary insertion of O (at the linearized level) by symmetries: it must scale with weight h under the isometry corresponding to dilations, obey the lowest-weight condition, and be invariant under rotations around the point of the boundary insertion.
The resulting wavefunction is a type of bulk-to-boundary Green function. Interestingly [13] , the (lowest) highest-weight modes can also be identified as (anti) quasinormal modes for the static patch of de Sitter, as constructed in [11, 12] . In this section we determine this wavefunction explicitly, regulate the singularities, generalize it to multi-particle insertions and define a symplectic product. In the following section we will then use these classical objects to construct the associated dual bulk quantum states and their inner products.
Highest and lowest weight wavefunctions
In this subsection we give expressions for the classical wavefunctions, associated to lowest (highest) weight primary operator insertions at the south (north) pole of I + in terms of rescaled Green functions in the limit that one argument is pushed to I + . These wavefunctions each comes in a Neumann and a Dirichlet flavor, denoted Φ ± lw (x) (Φ ± hw (x)) depending on whether the weight of the dual operator insertion is h + or h − .
The relevant Green functions are
with G E the Wightman function for the Euclidean vacuum given in equation (2.42). G − (G + ) obeys Neumann (Dirichlet) boundary conditions at I + away from x = x ′ . These are for m 2 ℓ 2 = 2 the Green functions with future boundary conditions as discussed in [10] . We have normalized them so that they have the Hadamard form for the short-distance singularity. In the Neumann case we begin with G − , which is (using the mode decomposition (2.40)) given by
From this we construct the rescaled Green function
in which the second argument is placed at the south pole Ω SP where ψ ′ = 0. One may then check that (ignoring singularity prescriptions)
Using (3.2) and the asymptotics (2.11) one finds that near I + (not ignoring singularities) 
In the bulk it is generated by the Killing vector field
where the south pole is ψ = 0. dS invariance implies
It follows from this together with the definition (3.4) that the wavefunction obeys
By construction it obeys the wave equation
Acting on SO(3) invariant symmetric functions we have
where the 6 Killing vector fields M ±k (given in Appendix A) are the raising and lowering operators for L 0 and we sum over k. It then follows that
and hence It may be shown that these symmetries uniquely determine the solution. Hence Φ − lw is identified as the classical wavefunction associated to the insertion of the primary O at the south pole.
A parallel argument leads to the dual of a highest weight operator insertion at the north pole . The wavefunction is
This obeys the relations 16) and has the asymptotic behavior
Similar formulae apply to the Dirichlet case by beginning with G + in the above construction and replacing + ↔ −. For example
We see from the above that the highest-weight wavefunction is smooth on the future horizon of the southern static patch dS 4 , and hence related to the quasinormal modes found in [11, 12] . The lowest quasinormal mode which is invariant under the SO(3) of the static dS 4 is exactly the Φ − hw with h − = 1 while the second lowest SO(3)-invariant quasinormal mode corresponds to Φ + hw with h + = 2. Lowest weight states are smooth on the past horizon and hence related to anti-quasinormal modes.
General multi-operator insertions
In the preceding subsections we found the bulk duals of primary operators inserted at the north/south pole in the coordinates (2.3). This can be generalized to insertions at an arbitrary point on I + with a general time slicing near I + . Let us introduce coordinates x ∼ (y i , t)
The dual wavefunction is then the t ′ → ∞ limit of the rescaled Green function, denoted by
For the special cases of operator insertions at the north or south pole in global coordinates these reduce to our previous expressions. Note that coordinate transformations of the form
as appropriate for a conformal field of weight h ± . Hence the relative normalization in (3.4) will depend on the conformal frame at I + .
One may also consider multi-operator insertions such as O(y 1 )O(y 2 ) in the CFT 3 at I + .
At the level of free field theory considered here these are associated to a bilocal wavefunction in the product of two bulk scalar fields
We will use Φ Ω to denote these wavefunctions when working in global coordinates (2.3).
We note that in such coordinates near I + for an insertion at a general point
Klein-Gordon inner product
We wish to define an inner product between e.g. two Neumann wavefunctions Φ
Later on we will compare this to the inner product on the CFT 3 Hilbert space and the twopoint function of O on S 3 . One choice is to take a global spacelike S 3 slice in the interior and define the Klein-Gordon inner product
This integral does not depend on the choice of S 3 which can be pushed up to I + . One may then see immediately from (3.23) that there are two nonzero terms proportional to ∆ − giving
One may also define an inner product not on global spacelike S 3 slices, but on a spacelike R 3 slice which ends on an S 2 on I + . The result is invariant under any deformation of the S 2 which does not cross the insertion point. To be definite, we take the S 2 to be the equator, Ω 1 to be in the northern hemisphere and Ω 2 to be in the southern hemisphere, and the slice to be R 3 S which intersects the south pole. One then finds, pushing R 3 S up to the southern hemisphere of
Similarly, the inner product between two Dirichlet wavefunctions is given by
The southern Hilbert space
We now turn to the issue of bulk quantum states. Quantum states in dS are often discussed, as in section 2, in terms of a Hilbert space built on the global S 3 slices. The structure of the vacua and Green functions for such states was described in section 2. However dS has the unusual feature that there are geodesically complete topologically R 3 spacelike slices which end on an S 2 in I + , which we will typically take to be the equator. Examples of these are the hyperbolic slices, the quantization on which was studied in detail in [15] . We will see that the quantum states built on these R 3 slices are natural objects in dS/CFT. An S 2 in I + is in general the boundary of a "northern" slice, denoted R The dual bulk quantum state must somehow depend on the choice of S 2 in I + . Hence it is natural to define the bulk state on the R 3 slice which ends on this S 2 in I + . This is how holography works in AdS/CFT: CFT states live on the boundaries of the spacelike slices used to define the bulk states.
States
In order to define quantum states on R 3 S , we first note that modes of the scalar field operator Φ(Ω, t) are labeled by operatorsΦ ± (Ω) defined on I + via the relation
They satisfy the following commutation relation
We may then decompose these I + operators as the sum of two termŝ
where the first (second) acts only on R it follows from the decomposition (4.3) that the global vacua have a simple product decom-
Excited southern states may then be built by acting on one of these southern vacua witĥ Φ S . We wish to identify these states with those of the CFT 3 on S 2 .
In the higher-spin dS/CFT correspondence there are actually two CFT 3 's living on I + :
the free Sp(N) model, associated to Neumann boundary conditions, and the critical Sp(N)
model, associated to Dirichlet boundary conditions. Since the field operatorsΦ S acting on 
where Ω S is presumed to lie on the southern hemisphere. We can make a quantum state 8) where in the last line we used (3.23). By construction this will be a lowest weight state, and we therefore identify it as the bulk dual to the CFT 3 state created by the primary operator O dual to the field Φ.
This connection leads to an interesting nonperturbative dS exclusion principle [14] . The operator O has a representation in the Sp(N) theory as Bulk-boundary duality and the state-operator relation described above then implies the nonperturbative relation
Hence the quantum field operatorsΦ
-adic. One is not allowed to put more than N 2 quanta in any given quasinormal mode. This is similar to the stringy exclusion principle for AdS [20] and may be related to the finiteness of dS entropy. Nonperturbative phenomena due to related finite N effects in the O(N) case have been discussed in [21] . We hope to investigate further the consequences of this dS exclusion principle.
Norm
Having identified the bulk duals of the boundary CFT 3 states, we wish to describe the bulk dual of the CFT 3 norm. The standard bulk norm is defined by Φ(x) = Φ † (x). However this norm is not unique. It has been argued for a variety of reasons beginning in [3] that it is appropriate to modify the norm in the context of dS -see also [16, 22] . Here we have the additional problem that this standard norm is divergent for states of the form (4.8). We now construct the modified norm for states on R S 3 by demanding that it is equivalent to the CFT 3 norm. The construction here generalizes to dS 4 the one given in [16] for dS 3 .
The bulk action of dS Killing vectors K µ A ∂ µ on a scalar field is generated by the integral over any global S 3 sliceL 12) where T µν is the bulk stress tensor constructed from the operatorΦ. To obtain an adjoint with the desired properties, we define the modified adjoint
where here and hereafter † denotes the bulk modified adjoint. The reflection operator R is the discrete isometry of S 3 which reflects through the S 2 equator R(ψ, θ, φ) = (π − ψ, θ, φ)
along with complex conjugation. In particular, it maps the south pole to the north pole while keeping the equator invariant. This implies that L 0 (generating iL 0 ) and J k are self adjoint while
Hence we have constructed an adjoint admitting the desired SO(3, 2) action. We do not know whether or not it is unique.
The action of R maps an operator defined on the southern hemisphere to one defined on the southern hemisphere of I + according tô
Hence the action of R exchanges the northern and southern hemispheres, and maps a southern I + state to a northern one. Therefore it cannot on its own define an adjoint within the southern Hilbert space. For this we must combine (4.13) with a map from the north to the south. Such a map is provided by the Euclidean vacuum. The global Euclidean bra state (constructed with the standard adjoint) can be decomposed in terms of a basis of northern and southern bra states
We then define the modified adjoint of an arbitrary southern state |Ψ S by
We will denote the corresponding inner product by an S subscript
For example choosing the basis so that
we have
In particular one finds
Let us now compute the norm of the southern state |Ω − S in (4.8). The action of R gives a northern state which we will denote |RΩ − S . The norm is then
Using the relation
we find
This is proportional to the S 3 two-point function of a dimension h − primary at the points Ω S and RΩ S . The analogous computation in the Dirichlet theory gives
Boundary dual of the bulk Euclidean vacuum
In the preceding section we have argued that dS/CFT maps CFT 3 states on an S 2 in I + to bulk states on the southern slice ending on the S 2 . A generic state in a global dS slice does not restrict to a pure southern state. However we can always define a density matrix by tracing over the northern Hilbert space. In particular, such a southern density matrix ρ E S can be associated to the global Euclidean vacuum |0 E . The choice of an equatorial S 2 in I + breaks the SO(4, 1) symmetry group down to SO(3, 1), which also preserves the hyperbolic slices ending on the S 2 . ρ S E must be invariant under this SO(3, 1). In fact ρ S E follows from results in [15] . Writing the quadratic Casimir of SO(3, 1) as C 2 = −(1 + p 2 ), it was shown, in a basis which diagonalizes p, that In this section we consider the Sp(N) model (where N is even) and compare the norms to those computed above. The action is
) is a complex anticommuting scalar andχχ ≡ δ abχ a χ b . This has a global Sp(N) symmetry and we restrict to Sp(N) singlet operators. 6 For the free theory m = λ = 0 while the critical theory is obtained by flowing to a nontrivial fixed point λ F .
The Sp(N) theory is not unitary in the sense that in the standard norm following from (6.1) one has that [9] H = H † (6.2) and Ψ ′ |Ψ is not preserved. Nevertheless, as detailed in [9] , there exists an operator C with the properties
To write it in real fields, for e.g., in the case of Sp (2), writing the real and imaginary part of χ as η 1 and η 2 , the action of C becomes η 2 = Cη † 1 C. One may then define a "pseudounitary" C-inner product
which is preserved under hamiltonian time evolution. Such hamiltonians are pseudohermitian and are similar to those studied in [23] . We note that the norm is not positive definite. 6 The U ( Inserting an operator O i constructed from χ a at the south pole gives a functional of the boundary conditions on the equatorial S 2 which we define as the state |O i . This is the standard state-operator correspondence. An inner product for such states associated to O i and O j can be defined by the two point function with O i at one pole and O j at the other.
It follows from (6.3) that this is the C-inner product for the states |O i and |O j :
In the last line, we used the fact that the (singlet) currents in the Sp(N) models satisfy
For primary operators of weight h i we then have [6] O i |O i C = −N∆ h i (Ω N P , Ω SP ). (6.6) Hence it is the C-norm which maps under the state-operator correspondence to the Zamolodchikov norm defined as the Euclidean two point function on S 3 . As seen in [6] this C-norm then agrees with the bulk inner product (4.24)-(4.25) of the dual state for the scalar case. Moreover, as the bulk and CFT 3 norms assign the same hermiticity properties to the SO(4, 1)
generators, this result will carry over to descendants of the primaries. A generalization of this construction to all spins seems possible.
One of the puzzling features of dS/CFT is that the dual CFT cannot be unitary in the ordinary sense. This is not a contradiction of any kind because unitarity of the Euclidean L 0 = cos ψ∂ t − tanh t sin ψ∂ ψ M ∓1 = ± sin ψ sin θ sin φ∂ t + (1 ± tanh t cos ψ) sin θ sin φ∂ ψ + (cot ψ ± tanh t csc ψ) (cos θ sin φ∂ θ + csc θ cos φ∂ φ )
M ∓2 = ± sin ψ sin θ cos φ∂ t + (1 ± tanh t cos ψ) sin θ cos φ∂ ψ + (cot ψ ± tanh t csc ψ) (cos θ cos φ∂ θ − csc θ sin φ∂ φ )
M ∓3 = ± sin ψ cos θ∂ t + (1 ± tanh t cos ψ) cos θ∂ ψ − (cot ψ ± tanh t csc ψ) sin θ∂ θ J 1 = cos φ∂ θ − sin φ cot θ∂ φ J 2 = − sin φ∂ θ − cos φ cot θ∂ φ
For each k, the M ±k and L 0 form a SO(2, 1) subalgebra satisfying
As mentioned in the text, acting on SO(3)-invariant functions, we have
where k is summed over k = 1, 2, 3.
The conformal Killing vectors of the S 3 are given by the restriction of dS 4 Killing vectors on I + :
L 0 = − sin ψ∂ ψ M ∓1 = (1 ± cos ψ) sin θ sin φ∂ ψ + (cot ψ ± csc ψ) (cos θ sin φ∂ θ + csc θ cos φ∂ φ ) M ∓2 = (1 ± cos ψ) sin θ cos φ∂ ψ + (cot ψ ± csc ψ) (cos θ cos φ∂ θ − csc θ sin φ∂ φ ) M ∓3 = (1 ± cos ψ) cos θ∂ ψ − (cot ψ ± csc ψ) sin θ∂ θ .
J 1 = cos φ∂ θ − sin φ cot θ∂ φ J 2 = − sin φ∂ θ − cos φ cot θ∂ φ
